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CRITICAL WELL-POSEDNESS AND SCATTERING RESULTS
FOR FRACTIONAL HARTREE-TYPE EQUATIONS
SEBASTIAN HERR AND CHANGHUN YANG
Abstract. Scattering for the mass-critical fractional Schro¨dinger equation
with a cubic Hartree-type nonlinearity for initial data in a small ball in the
scale-invariant space of three-dimensional radial and square-integrable initial
data is established. For this, we prove a bilinear estimate for free solutions
and extend it to perturbations of bounded quadratic variation. This result is
shown to be sharp by proving the unboundedness of a third order derivative
of the flow map in the super-critical range.
1. Introduction
Let n ∈ N, 1 ≤ α ≤ 2, and σ ∈ R. We consider the following initial value problem
for a fractional Schro¨dinger equation with a cubic Hartree-type nonlinearity:
−i∂tu+ (−∆)
α
2 u = σ(| · |−α ∗ |u|2)u
u(0, ·) = ϕ
(1.1)
Here, the unknown is a function u : (−T, T ) × Rn → C, the initial datum is
ϕ : Rn → C and (−∆)
α
2 is defined as the spatial Fourier multiplier with symbol | · |α
on Rn, and ∗ denotes spatial convolution. We will consider initial data ϕ ∈ Hs(Rn)
and solutions will be continuous curves in Hs(Rn).
We may rescale solutions according to
(1.2) u(t, x)→ uλ(t, x) := λ
n
2 u(λαt, λx),
for fixed λ > 0. The mass
M(u(t)) := ‖u(t)‖2L2(Rn)
of sufficiently smooth and decaying solutions u of (1.1) is conserved and invariant
under this rescaling, i.e. M(uλ(t)) = M(u(t)) = M(ϕ) for any t ∈ R. For this
reason the equation (1.1) is referred to as being mass-critical.
In addition, for sufficiently smooth and decaying solutions u of (1.1), the energy
E(u(t)) :=
1
2
〈(−∆)
α
2 u(t), u(t)〉+
σ
4
〈(| · |−α ∗ |u(t)|2)u(t), u(t)〉,
is conserved and the Sobolev space H
α
2 (Rn) serves as the energy space for equation
(1.1). Here, 〈·, ·〉 is the complex inner product in L2(Rn).
The Cauchy problem with Hartree-type nonlinearities has been studied inten-
sively. If α = 1 and n = 3, in which case (1.1) arises as a model system for
the dynamics of boson stars, Lenzmann and the first named author proved local
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well-posedness for radial initial data in the full subcritical range s > 0 using Xs,b-
spaces [9]. In the present paper the case of generalized dispersion, i.e. α > 1, will
be addressed. In [11], Kirkpatrick, Lenzmann and Staffilani rigorously derived a
fractional Schro¨dinger equation with a cubic power-type nonlinearity if n = 1 as
the continuum limit of certain discrete physical systems with long-range lattice
interactions. As an open problem they suggested that their argument might be
generalized to the fractional Schro¨dinger equation with other nonlinear terms in
higher dimension. Equation 1.1 with α = 2 with Hartree-nonlinearity, i.e. convolu-
tion with | · |−1, in n = 3 was derived from the quantum theory of large systems of
bosons. With regard to well-posedness of (1.1), Cho, Hajaiej, Hwang, and Ozawa
showed global well-posedness in the critical space for sufficiently small radial initial
data if 2n2n−1 < α < 2 by using radial Strichartz estimates [2]. Our main result fills
the gap in the range 1 < α ≤ 2n2n−1 .
Concerning the the scattering problem associated with (1.1) in the case α = 1,
the first named author and Tesfahun [10] proved scattering of solutions for small
radial initial data with s > 0 in the case of Yukawa potentials in n = 3, while in
case of the Coulomb potential a modified scattering result has been established by
Pusateri [13]. The classical case α = 2 has been treated in [8]. In the fractional
case 1 < α < 2, Cho, Hwang and Ozawa [3] proved scattering for small initial data
when s > 2−α2 in the case of generalized potentials including the Yukawa potentials
in n ≥ 3.
For a more complete account on previous and related results, we refer to [2, 3].
Concerning more references to the physics literature, we refer to [11].
We address the question of well-posedness and scattering of (1.1) in the critical
space in the range 1 < α ≤ 2. To obtain a result in the full range, we apply
a contraction argument in a function space whose construction is based on the
space of bounded quadratic variation V 2 and we extend a bilinear estimate for free
solutions to this space. In part, the strategy of proof is similar to [10], but here we
work in the critical regime.
In the super-critical range, i.e. s < 0, we provide a counterexample which implies
the discontinuity of the flow map.
Our aim is to prove the existence and scattering of solutions to the IVP (1.1) in
the critical space L2(R3), i.e. we will focus on n = 3. We will consider the subspace
of radial functions. For s ∈ R define
Hsrad(R
3) := {ϕ ∈ Hs(R3) : ∃ϕ0 : [0,∞)→ R s.th. ϕ(x) = ϕ0(|x|) a.e.},
with norm ‖·‖Hs . We write L
2
rad(R
3) := H0rad(R
3). Define (Sϕ)(t, x) = (S(t)ϕ)(x),
for Ŝ(t)ϕ(ξ) = e−it|ξ|
α
ϕ̂(ξ). Let us state our first main result on global well-
posedness and scattering for radial initial data which is small in the critical space.
Theorem 1.1. Let 1 < α ≤ 2. There exists δ > 0, such that for all ϕ ∈ L2rad(R
3)
satisfying ‖ϕ‖L2 ≤ δ, there exists a global solution u ∈ Cb(R, L
2
rad(R
3)) of (1.1). u
is unique in a certain subspace and the flow map ϕ→ u is smooth.
Moreover, the solution scatters as t→ ±∞, i.e. there exist ϕ± ∈ L
2
rad(R
3), such
that
‖u(t)− S(t)ϕ±‖L2(R3) → 0 (t→ ±∞).
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In order to state the second result, let P>Λ be the projector onto frequencies
greater than Λ, see Subsection 1.1, and let us define
(1.3) Br,Λ :=
{
ϕ ∈ L2rad(R
3) : ‖ϕ‖L2 ≤ r, ‖P>Λϕ‖L2 ≤ ηr
−1
}
,
for r,Λ ≥ 1 and some parameter 0 < η ≪ 1, which will be fixed in Subsection 3.2
independently of r,Λ. Notice that for each ϕ ∈ L2rad(R
3) and η > 0 there exist
Λ > 0 such that ‖P>Λϕ‖L2 ≤ ηr
−1. Therefore, for any ϕ ∈ L2rad(R
3) and any
r ≥ ‖ϕ‖L2 there exists Λ ≥ 1, such that ϕ ∈ Br,Λ. For large radial initial data in
the critical space, we have local well-posedness.
Theorem 1.2. Let 1 < α ≤ 2. For all r,Λ ≥ 1 and all ϕ ∈ Br,Λ ⊂ L
2
rad(R
3), there
exists T = T (r,Λ) and a solution u ∈ C([0, T ], L2rad(R
3)) of (1.1). u is unique in a
certain subspace and the flow map ϕ→ u is smooth.
Our next result shows that Theorem 1.2 is optimal.
Theorem 1.3. Let 1 < α ≤ 2, s < 0. If the flow map ϕ 7→ u exists (in a small
neighborhood of the origin) as a map from Hs(R3) to C([0, T ], Hsrad(R
3)), it fails
to be C3 at the origin.
The proof is based on an adaptation of the counterexample for the case α = 1
from [9].
1.1. Notation. Dyadic numbers λ ∈ 2Z will always be denoted by greek letters,
e.g. µ, λ, λ1, λ2, and sums with respect to greek letters are implicitly assumed to
range over (subsets of) 2Z.
Let ρ ∈ C∞c (−2, 2) be even and satisfy ρ(s) = 1 for |s| ≤ 1. For χ(ξ) :=
ρ(|ξ|) − ρ(2|ξ|) define χλ(ξ) = χ(λ
−1ξ). Then,
∑
λ∈2Z χλ = 1 on R
n \ {0} at
it is locally finite. We define the (spatial) Fourier localization operator Pλf =
F−1(χλFf). Further, we define χ≤λ =
∑
µ∈2Z:µ≤λ χµ and P≤λf = F
−1(χ≤λFf),
P>λf = f − P≤λf . Let χ˜λ = χλ/2 + χλ + χ2λ and P˜λf = F
−1(χ˜λFf). Then
P˜λPλ = PλP˜λ = Pλ.
2. Bilinear estimates for radial functions
2.1. Free solutions. Since the characteristic hypersurface in R1+n defined by the
phase function |ξ|α has n nonvanishing principal curvatures in the case α > 1,
there are similar Strichartz estimates as for the Schro¨dinger equation, up to a loss
of derivatives dictated by scaling. For the following Lemma, its proof and more
information we refer to [4].
Lemma 2.1. Let 1 < α ≤ 2, q > 2, r ≥ 2, 2q +
n
r =
n
2 , θ =
n
2 (2−α)(
1
2 −
1
r ). Then,
‖Sϕ‖Lqt (R,Lrx(Rn)) . ‖ϕ‖Hθ(Rn).
Next, we adapt [10, Lemma 3.2] to the case of generalized dispersion.
Lemma 2.2. Let 1 ≤ α ≤ 2. Consider the integral
I(φ, ψ)(τ, ξ) =
∫
φ(|η|)ψ(|ξ − η|)δ(τ − |η|α + |ξ − η|α)dη
for smooth φ and ψ supported in [−r, r] and [−R,R], for some r, R > 0. Then for
0 ≤ τ ≤ αmax{r, R}α−1|ξ|,
(2.1) I(φ, ψ)(τ, ξ) =
2π
α|ξ|
∫ ∞
a(τ,|ξ|)
φ(ρ)ψ(ω(τ, ρ))ω(τ, ρ)2−αρdρ
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where
(2.2) a(τ, |ξ|) =
|ξ|2 + τ2/α
2|ξ|
and ω(τ, ρ) = (ρα − τ)1/α.
Furthermore,
(2.3) I(φ, ψ)(τ, ξ) = 0, if τ > αmax{r, R}α−1|ξ|.
Proof. As in [10, pp. 8–9], the proof is an straight-forward modification of the
argument for α = 1 from [5, Lemma 4.4]. First, we check that the delta function
and support condition on φ, ψ restrict the range of τ . By the mean-value theorem
we have
|τ | =
∣∣|η|α − |ξ − η|α∣∣ ≤ αmax{|η|, |ξ − η|}α−1|ξ|,
implying the second claim (2.3).
Now, let 0 ≤ τ ≤ αmax{r, R}α−1|ξ|. Using δ−calculus, we can write
δ(τ − |η|α + |ξ − η|α)
=
∣∣τ − |η|α − |ξ − η|α∣∣δ(|ξ − η|2α − (τ − |η|α)2)
=2
(
|η|α − τ
)
δ
(
(|ξ|2 − 2ξ · η + |η|2)α − (τ − |η|α)2
)
,
(2.4)
having used 0 ≤ |ξ − η|α = |η|α − τ within the support of δ. Introduce polar
coordinates for η = ρθ, where ρ = |η| and θ = η|η| ∈ S
2. Then dη = ρ2dSθdρ.
Further, for the new variable b = θ · ξ|ξ| we obtain
dSθ = dSθ′db, for θ
′ ∈ S1 and dη = ρ2dρdSθ′db.
Because of |ξ − η|α = |η|α − τ = ρα − τ , we have |ξ − η| = ω(τ, ρ). Now, with
gτ,ξρ (b) = (|ξ|
2 − 2|ξ|ρb+ ρ2)α − (|η|α − τ)2,
the integrand is independent of θ′ and we obtain
I(φ, ψ)(τ, ξ) = 4π
∫ ∞
τ
1
α
∫ 1
−1
φ(ρ)ψ(ω(τ, ρ))(ρα − τ)ρ2δ
(
gτ,ξρ (b)
)
dbdρ.
We use the delta function to set the value of b to
(2.5) bτ,ξρ :=
|ξ|2 + ρ2 − (ρα − τ)2/α
2|ξ|ρ
,
with the condition b ≤ 1 that forces
|ξ|2 + ρ2 ≤ 2|ξ|ρ+ (ρα − τ)2/α
and since (ρα − τ)2/α ≤ ρ2 − τ2/α, the domain of the ρ-integration is further
restricted to
(2.6)
{
ρ ≥
|ξ|2 + τ2/α
2|ξ|
}
.
We compute the integral over b as
(2.7)
∫ 1
−1
δ
(
gτ,ξρ (b)
)
db =
∣∣ d
db
gτ,ξρ (b
τ,ξ
ρ )
∣∣−1 = (2α|ξ|ρ(ρα − τ) 2(α−1)α )−1,
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where bτ,ξρ is the value in (2.5). With (2.6) and (2.7), we finally obtain
I(φ, ψ)(τ, ξ) = 4π
∫ ∞
a(τ,|ξ|)
φ(ρ)ψ(ω(τ, ρ))
ρ(ρα − τ)
2α|ξ|(ρα − τ)
2(α−1)
α
dρ,
which reduces to the desired form. 
Proposition 2.3. Let 1 ≤ α ≤ 2. Consider u+(t) = S(t)f and v−(t) = S(−t)g,
where f and g are radial. Then for any µ > 0 and λ1 ≥ λ2 > 0, we have
(2.8) ‖Pµ(u
+
λ1
v−λ2)‖L2t,x(R1+3) . µλ
1−α
2
2 ‖fλ1‖L2x(R3)‖gλ2‖L2x(R3)
Proof. The Fourier transform of a radial function is a radial function, and we may
assume f̂ , ĝ ≥ 0. We denote f̂χλ1 , ĝχλ2 by ψλ1 , φλ2 , respectively, and compute the
space-time Fourier transform
Ft,x{Pµ(u
+
λ1
v−λ2 )}(τ, ξ)
=
∫
R
e−itτχµ(|ξ|)
∫
R3
χλ1(|ξ − η|)e
−it|ξ−η|α fˆ(ξ − η)χλ2 (|η|)e
it|η|α gˆ(η)dηdt
= χµ(|ξ|)
∫
R3
ψλ1(|ξ − η|)φλ2 (|η|)δ(τ − |η|
α + |ξ − η|α)dη.
For 0 ≤ τ ≤ Cαλ
α−1
1 µ, Lemma 2.2 implies
Ft,x{Pµ(u
+
λ1
v−λ2)}(τ, ξ) ≈ χµ(ξ)
1
|ξ|
∫ ∞
a(τ,|ξ|)
φλ2 (ρ)ψλ1(ω(τ, ρ))ω(τ, ρ)
2−αρdρ,
while for τ > Cαλ
α−1
1 µ there is no contribution. If −Cαλ
α−1
1 µ ≤ τ ≤ 0, we similarly
obtain
Ft,x{Pµ(u
+
λ1
v−λ2 )}(τ, ξ)
≈ χµ(ξ)
1
|ξ|
∫ ∞
a(−τ,|ξ|)
φλ2 (ω(−τ, ρ))ψλ1(ρ)ω(−τ, ρ)
2−αρdρ,
while for τ < −Cαλ
α−1
1 µ there is no contribution. Hence,
‖Pµ(u
+
λ1
vλ−2
)‖2L2t,x(R1+3)
:= I1 + I2,
where, by Plancherel’s theorem,
I1 ≈
∫
R3
Cαλ
α−1
1 µ∫
0
χ2µ(|ξ|)
|ξ|2
∣∣∣∣
∫ ∞
a(τ,|ξ|)
[ρφλ2(ρ)][ω(τ, ρ)
2−αψλ1(ω(τ, ρ))]dρ
∣∣∣∣
2
dτdξ,
I2 ≈
∫
R3
Cαλ
α−1
1 µ∫
0
χ2µ(|ξ|)
|ξ|2
∣∣∣∣
∫ ∞
a(τ,|ξ|)
[ρψλ1(ρ)][ω(τ, ρ)
2−αφλ2(ω(τ, ρ))]dρ
∣∣∣∣
2
dτdξ.
In polar coordinates ξ → (r, θ) ∈ [0,∞)× S2, the first term is
I1 ≈
∫ ∞
0
χ2µ(r)
∫ Cαλα−11 µ
0
∣∣∣∣
∫ ∞
a(τ,r)
[ρφλ2(ρ)][ω(τ, ρ)
2−αψλ1(ω(τ, ρ))]dρ
∣∣∣∣2dτdr.
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The Cauchy-Schwarz inequality implies∣∣∣∣
∫ ∞
a(τ,|ξ|)
[ρφλ2(ρ)][ω(τ, ρ)
2−αψλ1(ω(τ, ρ))]dρ
∣∣∣∣
2
.
(∫
R
|φλ2(ρ)ρ|
2dρ
)(∫
R
|ω(τ, ρ)2−αψλ1(ω(τ, ρ))χ˜λ2 (ρ)|
2dρ
)
. ‖gλ2‖
2
L2(R3)
(∫
R
|σ2−αψλ1(σ)|
2
(λ1
λ2
)α−1
dσ
)
.
Here, we used the change of variables σ = ω(τ, ρ), hence σα = ρα − τ and dρ =
(σρ )
α−1dσ, and in the domain of integration we have |σ
α−1
ρα−1 | . (
λ1
λ2
)α−1. We obtain
I1 . µ‖gλ2‖
2
L2x(R
3)λ
α−1
1 µ
( 1
λ1λ2
)α−1
‖fλ1‖
2
L2x(R
3)
. µ2λ1−α2 ‖gλ2‖
2
L2x(R
3)‖fλ1‖
2
L2x(R
3).
Concerning I2, we obtain
I2 . µ‖fλ1‖
2
L2x(R
3)
∫ Cαλα−11 µ
0
∫
R
|ω(τ, ρ)2−αφλ2 (ω(τ, ρ))|
2dρdτ
along the same lines. Again,
I2 . µ
2λ1−α2 ‖gλ2‖
2
L2x(R
3)‖fλ1‖
2
L2x(R
3),
by the same change of variables as above. 
Corollary 2.4. Let 1 ≤ α ≤ 2. For all dyadic µ . λ1 ∼ λ2 and spatially radial
functions uj = S(·)ϕj , we have
(2.9) ‖P≤µ(Pλ1u1Pλ2u2)‖L2(R1+3) . µ
3−α
2
( µ
λ1
)α−1
2
‖Pλ1ϕ1‖L2(R3)‖Pλ2ϕ2‖L2(R3).
Proof. This follows by dyadic summation over µ′ ≤ µ from Proposition 2.3. 
2.2. Transference. Let 1 ≤ p < ∞. We call a finite set {t0, . . . , tK} a partition
if −∞ < t0 < t1 < . . . < tK ≤ ∞, and denote the set of all partitions by T . A
corresponding step-function a : R→ L2(R3) is called Up
S
-atom if
a(t) =
K∑
k=1
1[tk−1,tk)(t)S(t)ϕk,
K∑
k=1
‖ϕk‖
p
L2(R3) = 1, {t0, . . . , tK} ∈ T ,
and Up
S
is the atomic space. Further, let V p
S
be the space of all right-continuous
v : R→ L2(R3) satisfying
‖v‖V p
S
:= sup
{t0,...,tK}∈T
( K∑
k=1
‖S(−tk)v(tk)− S(−tk−1)v(tk−1)‖
p
L2(R3)
) 1
p .
with the convention S(−tK)v(tK) = 0 if tK = ∞. For the theory of U
p
S
and V p
S
,
see e.g. [6, 7, 12]. For s ∈ R let
‖u‖Xs =
( ∑
λ∈2Z
λ2s‖Pλu‖
2
V 2
S
) 1
2
.
By the atomic structure of U2
S
, estimates in L2 for free solutions transfer to U2
S
-
functions, hence to V p
S
for p < 2. However, transference to V 2
S
does not follow from
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the general theory of these spaces. Nevertheless, we prove below that in case of the
bilinear estimate of the previous section it does hold true. This might also have
applications in the case α = 1, and the proof applies to certain other multilinear
estimates.
Proposition 2.5. Let 1 ≤ α ≤ 2. For all dyadic µ . λ1 ∼ λ2 and spatially radial
functions u1, u2 ∈ V
2
S
, we have
(2.10) ‖P≤µ(Pλ1u1Pλ2u2)‖L2(R1+3) . µ
3−α
2
( µ
λ1
)α−1
2
‖Pλ1u1‖V 2
S
‖Pλ2u2‖V 2
S
.
Proof. 1. Step: Let P =
∑
λ∈F Pλ, with a finite set F of dyadic numbers λ of size
λ1 ∼ λ2, such that PPλj = Pλj for j = 1, 2. We claim that
(2.11) ‖P≤µ|Pw|
2‖L2 . µ
3−α
2
( µ
λ1
)α−1
2
‖w‖2U4
S
for any µ . λ1 and spatially radial w ∈ U
4
S
. To prove (2.11), let Vµ = (qχ≤2µ)
2.
Then, Vµ ≥ 0 and we have the pointwise bound
χ≤µ . χ≤2µ ∗ χ≤2µ . χ≤4µ
on the Fourier side, which implies
‖P≤µ|Pw|
2‖L2 . ‖Vµ ∗ |Pw|
2‖L2 . ‖P≤4µ|Pw|
2‖L2 .
The quantity
n(f) := ‖Φ(f)‖L4(R3), for Φ(f) =
(
Vµ ∗ |Pf |
2
) 1
2
,
is subadditive, and ‖Vµ ∗ |Pw|
2‖L2 = ‖n(w(t))‖
2
L4t
. Indeed,
Φ2(f1 + f2)(x) =
∫
R3
Vµ(x− y)|Pf1(y) + Pf2(y)|
2dy
≤
∫
R3
Vµ(x− y)|Pf1(y) + Pf2(y)||Pf1(y)|dy
+
∫
R3
Vµ(x− y)|Pf1(y) + Pf2(y)||Pf2(y)|dy
≤ Φ(f1 + f2)(x)Φ(f1)(x) + Φ(f1 + f2)(x)Φ(f2)(x)
by Cauchy-Schwarz, so Φ(f1 + f2) ≤ Φ(f1) + Φ(f2) and
n(f1 + f2) ≤ ‖Φ(f1) + Φ(f2)‖L4 ≤ n(f1) + n(f2)
follows. Also, we obviously have n(cf) = |c|n(f) for all c ∈ C. Due to (2.9) we have
(2.12) ‖n(S(t)ϕ)‖L4t ≤ C(µ, λ1)
1
2 ‖ϕ‖L2
for all radial ϕ ∈ L2(R3), where C(µ, λ1) denotes the constant in (2.9). Let w ∈ U
4
S
be radial with atomic decomposition
w =
∑
j
cjaj, s.th.
∑
j
|cj | ≤ 2‖w‖U4
S
, and radial U4
S
-atoms aj.
We have
(2.13) ‖n(w)‖L4t ≤
∑
j
|cj |‖n(aj)‖L4t . C(µ, λ1)
1
2 ‖w‖U4
S
,
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provided that for any U4
S
-atom a the estimate
‖n(a)‖L4t . C(µ, λ1)
1
2
holds true. Indeed, let a(t) =
∑
k 1Ik(t)S(t)ϕk, for some partition (Ik) of R and
radial ϕk ∈ L
2(R3) satisfying
∑
k ‖ϕk‖
4
L2 ≤ 1. Then,
‖n(a)‖L4t ≤
∥∥∥∑
k
1Ik(t)n(S(t)ϕk)
∥∥∥
L4t
≤
(∑
k
‖n(S(t)ϕk)‖
4
L4t
) 1
4
. C(µ, λ1)
1
2
(∑
k
‖ϕk‖
4
L2
) 1
4
. C(µ, λ1)
1
2 ,
where we used (2.12) in the third inequality, which completes the proof of (2.13).
This implies
(2.14) ‖P≤µ|Pw|
2‖L2(R1+3) . ‖n(w)‖
2
L4t
. C(µ, λ1)‖w‖
2
U4
S
,
hence the claim (2.11).
2. Step: Let vj := Pλjuj , j = 1, 2. We may assume ‖vj‖U4
S
= 1. The functions
w± = v1 ± v2 satisfy w± = Pw±, ‖w±‖U4
S
. 1,
Re(v1v2) =
1
4
(
|w+|
2 − |w−|
2
)
, and Im(v1v2) = Re(−iv1v2).
The estimate (2.11) yields
‖P≤µ(v1v2)‖L2(R1+3) . ‖P≤µ|Pw+|
2‖L2(R1+3) + ‖P≤µ|Pw−|
2‖L2(R1+3)
. C(µ, λ1)
(
‖w+‖
2
U4
S
+ ‖w−‖
2
U4
S
)
. C(µ, λ1),
which implies
‖P≤µ(v1v2)‖L2(R1+3) . C(µ, λ1)‖v1‖U4
S
‖v2‖U4
S
. C(µ, λ1)‖v1‖V 2
S
‖v2‖V 2
S
,
where we used V 2
S
→֒ U4
S
, see [6]. 
Proposition 2.6. For any µ, λ1, λ2 ∈ 2
Z and u, v ∈ U4
S
,
(2.15) ‖Pµ(Pλ1uPλ2v)‖L2(R1+3) . min{µ, λ1, λ2}
1
2 λ
2−α
4
1 λ
2−α
4
2 ‖Pλ1u‖U4
S
‖Pλ2v‖U4
S
.
Proof. The Bernstein inequality implies
‖Pµ(Pλ1uPλ2v)‖L2(R1+3) . µ
1
2 ‖Pλ1uPλ2v‖
L2tL
3
2
x
. µ
1
2 ‖Pλ1u‖L4tL3x‖Pλ2v‖L4tL3x
and Lemma 2.1 gives (2.15) if µ ≤ λ1, λ2. Similarly,
‖Pµ(Pλ1uPλ2v)‖L2(R1+3) . ‖Pλ1u‖L4tL6x‖Pλ2v‖L4tL3x
. λ
1
2
1 ‖Pλ1u‖L4tL3x‖Pλ2v‖L4tL3x .
This concludes the proof because we can interchange the roles of u and v. 
Remark 2.7. In the case 1 < α ≤ 2 this gives another simple proof of a result
which is slightly weaker than (2.10) but sufficient for our application: The obvious
U2
S
-version of (2.10) (see [6, Prop. 2.19]) can now be interpolated with (2.15) in the
case µ . λ1 ∼ λ2 via [6, Prop. 2.20], which gives
‖Pµ(Pλ1uPλ2v)‖L2(R1+3) . µ
3−α
2
( µ
λ1
)α−1
2 −ǫ
‖Pλ1u‖V 2
S
‖Pλ2v‖V 2
S
,
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for any fixed ǫ > 0.
From now on we set X := {u ∈ X0 | u spatially radial}.
Corollary 2.8. Let 1 < α ≤ 2. For all u, v ∈ X, we have
(2.16) ‖(−∆)
α−3
4 (uv)‖L2(R1+3) . ‖u‖X‖v‖X .
Proof. We decompose
‖(−∆)
α−3
4 (uv)‖L2(R1+3) .
∑
µ,λ1,λ2∈2Z
µ
α−3
2 ‖Pµ(uλ1vλ2)‖L2(R1+3)
. Σ1 +Σ2 +Σ3,
where Σ1 is the contribution of λ1 ≪ λ2 ∼ µ, Σ2 is the contribution of λ2 ≪ λ1 ∼ µ,
and Σ3 is the contribution of λ1 ∼ λ2 & µ. From (2.15) and Cauchy-Schwarz we
obtain
|Σ1| .
∑
λ1≪λ2
(λ1
λ2
) 4−α
4 ‖Pλ1u‖V 2
S
‖Pλ2v‖V 2
S
. ‖u‖X‖v‖X .
Similarly we prove
|Σ2| . ‖u‖X‖v‖X .
Finally, using (2.10) we obtain
|Σ3| .
∑
µ.λ1∼λ2
( µ
λ1
)α−1
2
‖Pλ1u‖V 2
S
‖Pλ2v‖V 2
S
. ‖u‖X‖v‖X ,
where we have exploited the radiality. 
3. Proofs of the main results
3.1. Proof of Theorem 1.1. It suffices to consider positive times. We represent
the solution of (1.1) on [0,∞) using the Duhamel’s formula
u(t) = 1[0,∞)(t)S(t)ϕ + iσJ(u, u, u)(t),(3.1)
J(u1, u2, u3)(t) = 1[0,∞)(t)
∫ t
0
S(t− t′)
[
{| · |−α ∗ (u1u2)}u3
]
(t′)dt′.(3.2)
For all ϕ ∈ Hsrad we immediately have
(3.3) ‖1[0,∞)Sϕ‖Xs . ‖ϕ‖Hs .
Next, we study the nonlinear part. For all u1, u2, u3 ∈ X , we have
(3.4)
∥∥J(u1, u2, u3)∥∥X . ‖u1‖X‖u2‖X‖u3‖X .
Indeed, we have
‖J(u1, u2, u3)‖X . sup
v∈X:‖v‖X≤1
∣∣∣ ∫∫ (−∆)α−32 (u1u2)u3(t)v(t)dtdx∣∣∣
by a standard duality argument, see e.g. [6]. Further, we obtain∣∣∣ ∫∫ (−∆)α−32 (u1u2)u3(t)v(t)dtdx∣∣∣
. ‖(−∆)
α−3
4 (u1u2)‖L2‖(−∆)
α−3
4 (u3v)‖L2
. ‖u1‖X‖u2‖X‖u3‖X‖v‖X
by Corollary 2.8, which implies (3.4).
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Theorem 1.1 now follows from the standard approach via the contraction map-
ping principle. In particular, the scattering claim follows from the fact that func-
tions in V 2
I
have a limit at ∞. We omit the details.
3.2. Proof of Theorem 1.2. Let Λ, r ≥ 1 be given. Recall that
Br,Λ :=
{
ϕ ∈ L2rad(R
3) : ‖ϕ‖L2 ≤ r, ‖P>Λϕ‖L2 ≤ ηr
−1
}
,
where the parameter 0 < η ≤ 1 will be determined below, and define
DR,ǫ :=
{
u ∈ X : ‖u‖X ≤ R, ‖P>Λu‖X ≤ ǫ
}
,
for some 0 < ǫ ≤ R. We implicitely assume that all functions are supported in
[0, T ]. Split J(u) = J1(u≤Λ, u>Λ)+J2(u≤Λ, u>Λ), where J1 is at least quadratic in
u>Λ and J2 is at least quadratic in u≤Λ. For J1, we use (3.4) and obtain
‖J1(u≤Λ, u>Λ)‖X . Rǫ
2,
for all u ∈ DR,ǫ. We turn to J2. First, we have
‖(−∆)
α−3
2 (u≤Λu≤Λ)v‖L1tL2x . Λ
α‖u≤Λ‖
2
L2tL
2
x
‖v‖L∞t L2x . TΛ
α‖u‖2X‖v‖X .
Second, we have
‖(−∆)
α−3
2 (u≤Λv>4Λ)u≤Λ‖L1tL2x . Λ
α−3‖u≤Λv>4Λ‖L1tL2x‖u≤Λ‖L
∞
t L
∞
x
. TΛα−3‖v>4Λ‖L∞t L2x‖u≤Λ‖
2
L∞t L
∞
x
. TΛα‖u‖2X‖v‖X ,
and we obtain
‖(−∆)
α−3
2 (u≤Λv)u≤Λ‖L1tL2x . TΛ
α‖u‖2X‖v‖X ,
because the contribution of v≤4Λ can be treated as in the first estimate above. We
conclude that there exists a C ≥ 1, such that for all ϕ ∈ Br,Λ and all u ∈ DR,ǫ we
have
‖1[0,T )Sϕ‖X ≤ Cr, ‖1[0,T )Sϕ>Λ‖X ≤ Cηr
−1,(3.5)
‖J1(u≤Λ, u>Λ)‖X ≤ CRǫ
2, ‖J2(u≤Λ, u>Λ)‖X ≤ CTΛ
αR3,(3.6)
and similar estimates for differences. By choosing R = 4Cr, ǫ = 2−6C−2r−1,
T = 2−18C−6r−4Λ−α, and η = 2−10C−3, one checks that
DR,ǫ → DR,ǫ, u 7→ 1[0,T )(Sϕ+ J(u))
is a strict contraction, for given ϕ ∈ Br,Λ. The contraction mapping principle
implies Theorem 1.2.
3.3. Proof of Theorem 1.3. It suffices1 to show that if s < 0, then
(3.7) sup
t∈[0,T ]
∥∥∥∥
∫ t
0
S(t− t′)(| · |−α ∗ |S(t′)ϕ|2S(t′)ϕ)dt′
∥∥∥∥
Hs(R3)
. ‖ϕ‖3Hs(R3)
fails to hold for some radial data ϕ ∈ Hs(R3). We modify the construction for the
case α = 1 from [9, Section 3] and define the annulus Aλ = {ξ ∈ R
3 : λ ≤ |ξ| ≤ 2λ}.
1In the published paper and previous versions of the preprint we incorrectly applied the ab-
stract ill-posedness result established by Bejenaru and Tao in [1, Proposition 1] to deduce the
discontinuity of the flow map from the computation presented in this section. Thanks go to
Robert Schippa for helpful discussions about the Bejenaru-Tao argument.
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Let ϕ be the inverse Fourier transform of the characteristic function 1Aλ . Clearly,
ϕ is radial and ‖ϕ‖Hs(R3) ∼ λ
s+ 32 . With this choice of ϕ, let
Φ(t) :=
∫ t
0
S(t− t′)(| · |−α ∗ |S(t′)ϕ|2S(t′)ϕ)dt′.
We compute the spatial Fourier transform
Φ̂(t, ξ) =
∫ t
0
∫
R3
S(t− t′)
Fx(|S(t
′)ϕ|2)(η)
|η|3−α
FxS(t
′)ϕ(ξ − η)dηdt′
=
∫ t
0
∫∫
R3×R3
e−i(t−t
′)|ξ|α e
−it′|η−σ|α1Aλ(η − σ)e
it′|σ|α1Aλ(σ)
|η|3−α
e−it
′|ξ−η|α1Aλ(ξ − η)dσdηdt
′
= e−it|ξ|
α
∫∫
R3×R3
∫ t
0
eit
′gα(ξ,η,σ)dt′
1Aλ(η)1Aλ(σ)1Aλ(ξ − η − σ)
|η + σ|3−α
dσdη
where
gα(ξ, η, σ) = |ξ|
α − |η|α + |σ|α − |ξ − η − σ|α.
Choose T = ǫλ−α with 0 < ǫ≪ 1. In the domain of integration we have
|tgα(ξ, η, σ)| . |tλ
α| ≪ 1
and we get
(3.8)
∣∣∣∣
∫ t
0
eit
′gα(ξ,η,σ)dt′
∣∣∣∣ &
∫ t
0
cos (t′gα(ξ, η, σ))dt
′ & |t| for t < T.
Thus, if ξ ∈ Aλ, we have
|Φ̂(t, ξ)| & |t|
∫
Aλ
∫
Aλ
|η + σ|−3+αdηdσ & ǫλ−αλ3+α.
From this we easily obtain ‖Φ‖Hs(R3) & ǫλ
s+ 92 . In conclusion, these norm calcula-
tions and (3.7) give
ǫλs+
9
2 . ‖Φ(t)‖Hs . ‖ϕ‖
3
Hs ∼ λ
3s+ 92 .
So if s < 0, (3.7) fails to hold as λ→∞.
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